Coupling of a vector gauge field to a massive tensor field  by Kuzmin, S.V. & McKeon, D.G.C.
Physics Letters B 596 (2004) 301–305
www.elsevier.com/locate/physletb
Coupling of a vector gauge field to a massive tensor field
S.V. Kuzmin, D.G.C. McKeon
Department of Applied Mathematics, University of Western Ontario, London, Ontario N6A 5B7, Canada
Received 5 April 2004; accepted 24 June 2004
Editor: P.V. Landshoff
Abstract
We consider a four-dimensional model in which the field strength associated with a vector gauge field is coupled directly to
an antisymmetric tensor field and a pseudoscalar mass term for the tensor field appears. Analysis of the constraint structure of
the model shows that the only dynamical degrees of freedom are the two transverse polarizations of the vector field. Tertiary
constraints arise in this discussion. Explicit elimination of non-physical degrees of freedom is performed in a particular ref-
erence frame. Propagators are computed in a Feynman-like gauge. Both an Abelian model and its non-Abelian extension are
considered.
 2004 Elsevier B.V.
PACS: 11.15.-q
1. Introduction
The coupling of a vector field Wµ to an antisymmetric tensor field φµν has often been considered [1–4]. The
field φµν can be given a pseudoscalar mass term; this breaks gauge invariance for φµν . In [5] such a mass term has
been examined in the case where φµν is a free field. We analyze the model in which φµν both has a pseudo scalar
mass term and is coupled to a vector gauge field Wµ. Initially, our intention was to see if the spin zero portion of the
tensor field φµν could be used to provide the polarization associated with the longitudinal component of a massive
vector field without simply having the Cremmer–Scherk Lagrangian of [1]. The inclusion of a Deser–Witten mass
term was viewed as an interesting extension of the Cremmer–Scherk Lagrangian as such a term would not be gauge
invariant under the transformation δφµν = ∂µΛν − ∂νΛµ and hence generalizing from U(1) gauge invariance to
SU(N) gauge invariance for the vector field Wµ could possibly be effected. Instead, we found that remarkably,
there are only two physical degrees of freedom in this model; these are the transverse polarizations of Wµ. This is
demonstrated in two ways: through a Dirac analysis of the constraints of the model and by explicitly eliminating
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to a non-Abelian model is straightforward and does not alter number of physical degrees of freedom of the model,
though it does generate interacting vertices between φµν and Wµ.
2. The model and its dynamics
The model we initially consider contains a U(1) vector field Wµ and an antisymmetric tensor field φµν with a
Lagrangian density
(1)L = −1
4
FµνF
µν + 1
12
GµνρG
µνρ + 1
4
mεµνρσφµνFρσ + 18µ
2εµνρσφµνφρσ .
In (1), the field strengths
(2)Fµν ≡ ∂µWν − ∂νWµ,
(3)Gµνρ ≡ ∂µφνρ + ∂νφρµ + ∂ρφµν,
appear and we use the conventions ηµν = diag(+,−,−,−), ε0123 = 1. L in (1) possesses the gauge invariance
δWµ = ∂µΩ .
In order to apply the Dirac constraint analysis [6], we rewrite (1) as
L = 1
2
V˙kV˙k − V˙k∂kU + 12∂kU∂kU −
1
2
∂kVm∂kVm + 12∂kVm∂mVk
+ m(Akεkmn∂mVn + Bn(V˙n − ∂nU))+ µ2AkBk
(4)+ 1
2
B˙kB˙k − B˙pεpkm∂kAm + 12∂kAm∂kAm −
1
2
∂kAm∂mAk − 12∂kBk∂mBm,
where
(5)Ak ≡ φ0k, Bk ≡ 12ε
kmpφmp, (U,Vk) ≡ Wµ.
From (4) we derive the canonical momenta
(6)ΠBk = B˙k − εknm∂nAm,
(7)ΠAk = 0,
(8)ΠVk = V˙k − ∂kU + mBk,
(9)ΠU = 0,
(7) and (9) constitute a pair of primary constraints
(10)(Φk,Φ) =
(
ΠAk ,Π
U
)
.
We now form the total Hamiltonian density
(11)H = ΠBk B˙k + ΠAk A˙k + ΠVk V˙k + ΠUU˙ − L + λkΦk + λΦ,
which upon absorbing A˙k and U˙ into λk and λ, respectively, becomes the canonical Hamiltonian
Hc = 12Π
B
k Π
B
k +
1
2
ΠVk Π
V
k +ΠBk εknm∂nAm + ΠVk ∂kU − mΠVk Bk
(12)+ 1
2
∂kBk∂mBm − mAkεkmn∂mVn + 12∂kVm∂kVm −
1
2
∂kVm∂mVk −µ2AkBk.
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Poisson bracket with H . Using the fundamental Poisson brackets
(13)[U(x),ΠU(y)]= δ(x − y),
etc., we find that the primary constraints of (10) imply the secondary constraints
(14)(Σ,Σi) =
(−∂kΠVk , εijk∂j (ΠBk − mVk)− µ2Bi).
If µ2 = 0 (the Cremmer–Scherk model Lagrangian [1]), the constraints of (14) would become reducible as then
∂iΣi = 0 and only the transverse portions of Σi are constraints. Furthermore, with µ2 = 0, the requirement Σ˙i = 0
leads to a tertiary constraint
(15)Tk ≡ µ2ΠBk = 0
with Σi and Tk constituting second class constraints as
(16)[Tk(x),Σi(y)]= µ4δikδ(x − y).
All other constraints are first class and no further constraints need to be imposed for consistency. There are
consequently five first class constraints (ΦU , ΦAk and Σ) and six second class constraints (Σi and Tk). The con-
straints ΦU and Σ correspond to the usual gauge transformations δW0 = ∂0Ω , δWi = ∂iΩ associated with a gauge
field Wµ, while ΦAk is associated with the fact that in (12) Ak acts merely as a Lagrange multiplier (i.e., it is not
dynamical) and hence its value is completely arbitrary. Suitable gauge conditions associated with the first class
constraints are
(17)(γ U ,γ Ak , γ V )= (U,Ak, ∂kVk) = 0.
From (10), (14), (15) and (17) it is evident that the only dynamical degrees of freedom are
(18)V Ti ≡
(
δij − ∂i∂j /∂2
)
Vj .
We can verify this directly by explicitly eliminating the non-physical degrees of freedom in (4). First, one
decomposes Vk , Ak and Bk into transverse (T ) and longitudinal (L) parts where
(19)∇× VL ≡ 0 ≡∇ · VT ,
etc., (4) now becomes
2L = (B˙L)2 − (∇ · BL)2 + [B˙T −∇× AT ]2 + (V˙T )2 − (∇× VT )2 + [V˙L −∇U]2
(20)+ 2m[VT · (∇× AT )+ BL · V˙L + BT · V˙T − BL ·∇U]+ 2µ2[AT · BT + AL · BL].
The equations of motion for AL and U , respectively, imply that
(21)BL = 0 = V˙L −∇U,
reducing (20) to
(22)2L = (V˙T )2 − (∇× VT )2 + [B˙T −∇× AT ]2 + 2mVT · (∇× AT )+ 2mBT · V˙T + 2µ2AT · BT .
Since
(23)AT · BT = −(∇× AT ) · (∇2)−1(∇× BT ),
we can eliminate ∇× AT from (22) to obtain
(24)∇× AT = B˙T − mVT + µ2(∇2)−1(∇× BT ).
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(25)L = 1
2
((
V˙T
)2 + VT∇2VT ).
We thus see that the presence of the Deser–Witten pseudoscalar mass term [5] (µ2 = 0) in conjunction with the
Cremmer–Scherk action [1] results in the complete elimination of all degrees of freedom except the two transverse
degrees of freedom associated with the gauge vector field. This is somewhat surprising, as usually inclusion of a
mass term for gauge fields results in an increase in the number of degrees of freedom.
In order to compute the propagator associated with (1) we first simplify the calculation by moving to Euclidean
space, then define
(26)Iαβ = δαβ, Lαβ = ∂α∂β, Iαβ,γ δ = 12 (δαγ δβδ − δαδδβγ ),
(27)Aµν,λ = εµνκλ∂κ = −Bλ,µν, Cµν,λ = δµλ∂ν − δνλ∂µ = Dλ,µν,
(28)Qµν,λσ = 14
(
δµλ∂
2
νσ + δνσ ∂2µλ − δνλ∂2µσ − δµσ ∂2νλ
)
,
(29)Lµν,λσ = εµνκλ∂κ∂σ − εµνκσ ∂κ∂λ = −Rλσ,µν.
The Lagrangian density of (1) can now be written as
(30)L = 1
2
(Wλ,φαβ)
(
∂2Iλσ
m
2 Bλ,γ δ
m
2 Aαβ,σ − 12 Iαβ,γ δ∂2 + Qαβ,γ δ + µ
2
4 εαβγ δ
)(
Wσ
φγ δ
)
,
upon supplementing L in (1) with the gauge fixing term − 12 (∂ ·W)2. Inverting the matrix M in (30) is easily done
once some simple algebraic identities are worked out (such as εαβγ δRγ δ,πτ = 4∂2Iαβ,πτ − 8Qαβ,πτ ). We find
(31)M−1 =
( −Iσκ
∂2
+ 2Lσκ
∂4
−m
µ2
Dσ,πτ
∂2
m
µ2
Cγδ,κ
∂2
4
µ4
(
1 − m2
∂2
)
Qγδ,πτ + 1µ2∂2 (−Lγδ,πτ +Rγδ,πτ )
)
.
From M−1, one can immediately deduce the propagators 〈WσWκ 〉, 〈Wσφπτ 〉 and 〈φγ δφπτ 〉. These propagators do
not have a smooth limit as µ2 → 0. The propagator 〈WσWκ 〉 has a contribution proportional to the identity, while
〈φγ δφπτ 〉 does not, supporting our conclusion that the only propagating physical degrees of freedom are associated
with Wµ.
A straightforward non-Abelian generalization of L in (1) is
(32)L = −1
4
FaµνF
aµν + 1
12
GaµνρG
aµνρ + m
4
εµνρσφaµνF
a
ρσ +
µ2
8
εµνρσφaµνφ
a
ρσ ,
where now
(33)Faµν = ∂µWaν − ∂νWaµ + gf abcWbµWcν ,
(34)Gaµνρ = Dabµ φbνρ + Dabν φbρµ + Dabρ φbµν
and
(35)Dabµ = ∂µδab + gf apbWpµ .
This Lagrange density is invariant under the gauge transformation
(36)δWaµ = Dabµ Ωb,
(37)δφaµν = gf abcφaµνΩc.
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field φaµν .) Provided µ2 = 0, the constraint structure of the Lagrange density of (32) is the same as that of the
Abelian Lagrange density of (1). Indeed, the analogues of the constraints of (10), (14), (15) are
(38)ΦAak =
(
ΠA
)a
k
,
(39)φUa = (ΠU )a,
(40)Σa = Dabk
(
ΠV
)b
k
+ 1
2
gf abcBbk
(
ΠB
)c
k
,
(41)Σai = εijk
(
Dabj
(
ΠB
)b
k
− m
(
∂jW
b
k +
1
2
gf abcWbj W
c
k
))
− µ2Bai ,
(42)T ak = µ2
(
ΠB
)a
k
+ O(g).
It is evident that as in the U(1) case, Σai and T
a
k are second class constraints while the remaining constraints
are first class, and hence the dynamical degrees of freedom in the non-Abelian model of (32) are again just the two
transverse degrees of freedom of the vector Waµ .
3. Discussion
The model of (1) and (32) are peculiar in that they have precisely the same number of degrees of freedom as
a massless vector gauge field, both when the gauge symmetry is Abelian and non-Abelian, despite the presence
of mass terms in these Lagrange densities. In this sense, the field φaµν is a “topological” field. It is of course
interesting to see if the non-physical degrees of freedom associated with the field φaµν have any affect on the
radiative corrections to processes in the non-Abelian model of (32) as φaµν couples to the vector field Waµ and the
propagator 〈φγ δφπτ 〉 implied by (31) is not apparently power-counting renormalizable. Indeed, the whole question
of renormalizability of this model is an open problem. We currently are considering this question.
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